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Abstract. We solve a single-robot m-machine cyclic scheduling problem aris-
ing in flexible manufacturing systems served by computer-conrolled robots. The
problem is to find the minimum cycle time for the so-called 2-cyclic (or “2-
degree”) schedules, in which exactly two parts enter and two parts leave the
production line during each cycle. An earlier known polynomial time algorithm
for this problem was applicable only to the Euclidean case, where the transpor-
tation times must satisfy the “triangle inequality”. In this paper we study a gen-
eral non-Euclidean case. Applying a geometrical approach, we construct a
polynomial time algorithm of complexity O(m® log m).

1 Introduction

Fully automated production cells consisting of flexible machines and a material han-
dling robot have become commonplace in contemporary manufacturing systems.
Much research on scheduling problems arising in such cells, in particular in flowshop-
like production cells, has been reported recently. Although there are many differences
between the models, they al explicitly incorporate the interaction between the materi-
als handling and the job processing decisions, since this interaction determines the
efficiency of the cell. This paper considers a raobotic flowshop cell which consists of m
machines My, ..., M, an input station My, an output station My,.;, and a single robot
that performs all material handling operations in the cell, i.e., the transportation of
parts between the machines and the stations, as well as the loading and unloading of
parts onto and from the machines and stations. To simplify the presentation, all parts
are assumed to be identical; however, all results presented below are valid for the
production system producing two product types. The parts are initialy available at the
input station Mg and must be sequentially processed on My, ..., My, in this order, until
they arefinally unloaded from M, and delivered at the output station.

There is no buffer available between the machines. Therefore, once a part is being
removed from a machine, without delay it must be transported by the robot to the next
station according to technological order (this condition is called the no-wait condi-
tion). In the practices of PCB industries, violating this condition may deteriorate the
product quality and cause a defect product. To move a part, the robot will first travel
to the machine where the part is located, wait if necessary, unload the part, travel to
the next machine specified by the technological sequence, and load the part. The robot



repeats its moves periodically, such a production process is called cyclic, and the
corresponding sequence of robot moves is called a cyclic schedule. A repeatable
sequence in which each processing operation and each robot move appear k times
during each cycle is called a k-cyclic, or k-part, or k-degree, schedule cycle. During
each k-part cycle, exactly k parts enter the line and k parts are unloaded at the output
station; at the end of the cycle the flowshop cell returns to its original state (with each
machine being loaded and unloaded exactly k times during the cycle). An optimization
problem for robotic flowshops asks to specify a sequence of robot moves, so as to
maximize a predetermined production performance measure, namely, the throughput
rate of the flowshop, or, equivalently, to minimize the cycle time.

Due to the importance of the robotic scheduling problems, the vast literature has
appeared in recent years being devoted to both cyclic and non-cyclic formulations of
these problems. Optimal schedules have been deeply studied over the past decades —
we refer the interested reader to the books by Blazewicz et a., 1996, Pinedo 2002 and
Sriskandarajah et al. 2006, as well as to the comprehensive surveys by Sethi et al.
1992, Hall 1999, Crama et al. 2000, and Che and Chu 2005, and numerous references
therein. In general, the multi-cyclic schedules may have a better throughput rate than
the 1-cyclic ones, as have been reported by many researchers (Song et al. 1993, Lei
and Wang 1994, Levner et al. 1996, Kats et al. 1999, Lei and Liu 2001, Che et al.
2002, Chu et al. 2003, to mention afew).

The literature on the k-cyclic scheduling, for k> 1, is not so vast, which can be ex-
plained by the increased complexity of these problems, in comparison with the 1-
cyclic scheduling. To the best of our knowledge, the first works on multi-cyclic ro-
botic scheduling have appeared in the 1960s in the former Soviet Union; Suprunenko
et al. 1962, Aizenshtat 1963, and Blokh and Tanayev 1966 have proposed concise and
elegant mathematical descriptions of the k-cyclic processes with transporting auto-
matic devices and introduced the so-called method of forbidden intervals (MFI) for
finding an optimal schedule; however, these authors did not establish its polynomial-
ity. This method has been further developed and proved to be polynomial for the 1-
cyclic case by Levner et al. 1997, where the upper bound of O(m*tog m) has been
obtained. However, this result is related to the 1-cyclic schedules only. Other early
papers devoted to this class of scheduling problems have been limited to the devel op-
ment of heuristic and branch-an-bound methods (see, for example, Song et al. 1993,
and Lei and Wang, 1994).

Special attention of the researchers has been devoted to the case of 2-cyclic sched-
uling. Based on the mentioned-above method of forbidden intervals (MFI), Levner et
al. 1996 have proposed a geometric algorithm solving this class of problems fast in
practice and have conjectured that it is polynomial time. This conjecture has been
proven by Chu et al. 2003 for the special case of the Euclidian metrics, in which the
transportation times satisfy the “triangle inequality”. These authors have proved that,
in this case, the complexity of the geometric algorithm is O(m® log m); for their proof,
they have used an elaborate analysis of the MFI. Chu 2006 have presented a more
sophisticated treatment of the MFI for the considered scheduling problem, which
permitted him to improve the algorithm complexity for the Euclidian metrics from O(
m® log m) to O(n? log m). The complexity for the general non-Eucledean case has
remained an open question.



The aim of the present paper is a further study of the 2-cyclic robotic scheduling
problem. We investigate a general non-Euclidean metrics, where the processing and
transportation times are not required to satisfy the “triangle inequality”. Here, the
method of forbidden intervals, inits original form, is not applicable because the inter-
vals cannot be simply merged together, as in the Euclidean case. We suggest a differ-
ent geometric approach based on concepts of feasible polygones and singular points
which is valid for the both cases, Euclidean as well as non-Euclidean. Using this ap-
proach, we enhance the geometrical scheme suggested by Levner et al. 1996 and con-
struct an improved algorithm of complexity O(m°® log m).

This paper is organized as follows. Section 2 gives a formal description of the
problem. Section 3 present the analysis of the problem and restate it as a finite series
of the linear programming problems. Section 4 introduces the singular points and
estimates their total number. Based on the concepts of feasible polygons and singular
points, Section 5 presents the new polynomial algorithm and estimates its complexity.
Section 6 concludes the paper.

2 Problem Formulation

For any given instance of the scheduling problem introduced in the previous section,
there are two associated fixed sequences, U and S
. afixed and a priori known sequence U ={0, 1, 2, ..., m, m+1} which specifies
that each of alt (identical) partsis loaded at the input station My, processed on
the machines in order My, ..., M;,,, and then is unloaded at an output station
Mine1;
an a priori unknown sequence S of robot moves, S ={s(1)=0, $(2),...,
s(2m+2)}, which is to be found and specifies the ordering of 2n+2 (material
handling) operations to be performed by the robot in each cycle in the 2-cyclic
schedule.
Hereit is assumed that M,,,.; denotes the unloading station;
To make a formal definition for the problem, we introduce the following parame-
ters:
pi The processing time of a part a machinei, i = 1, 2,...,m; to simplify the presenta-
tion, we assume that the processing time include the durations of the loading
and unloading operations performed by the robot at machinei;
d, The transportation time of a part from machinei to i+1, i= 0, 1, 2,...,m, where
“machine’ m+1 isthe unloading station;
rj The traveling time of an unloaded robot from machine i to machine j, i= 1,
2,...,mt1;j=0.1,2,...m
Z The completion time of the ith operation performed at machine M; , or, equiva-
lently, the start time of robot’ s travel to machine M; .
In the 2-cyclic schedules, exactly two parts enter and two parts leave the line dur-
ing each cycle. It follows that the (identical) parts are |loaded into the line at time
o= KT, -KT + Ty, ..., -2T, -2T+ Ty, -T, -T+ T, O, Ty, T, T+ Ty, 2T, ... KT+ Ty, (k+ )T, ,
whereT; < T.



We start with formulating several natural constraints of the problems. Consider the
part introduced into the process at time 0. Due to the no-wait condition, this part must
be completed at machinei at time Z = Z_; + d.; +p;, i=1,...,m, Zy = 0. Correspond-
ingly, the part introduced into the process at time t must be unloaded from machine i
a timet + Z. We assume that at each processing machine (i.e., the machines 1,2,
...,m) no more then one part can be processed simultaneously. From this condition it
immediately follows that the time intervals between two sequential introductions of
parts, T; and T-Ty, must satisfy the following inequalities:

T13 maXi=1,_mPi.

The ability of the robot to transport only one part at time, prohibits also values d;;
+p+d; to belarger than T, and T-T,, for any i, because in such a case the transporta-
tion of a part to machine i and from machinei will overlap in time. Thus, we have

T1 8 To=maXi=1, m (A +pi+d) =mMaXi=y,_m (di+ Z-Z..4); (13

T-T13 To= mMaX=1,. m (dig +Pi+di) =maXi=y, . m (di+Z-Zi.a). (1b)

On the other hand T, and T-T; are not larger than =7+ dmt+ 0. The schedule
with T,;= T-T, = T° corresponds to a primitive cyclic robot route § ={0, 1, 2,...,m}
coinciding with the technological order of machines U. Comparing To and T°, we
obtain:

T = MTg+ o (10)

The periodicity of the process alows us to restrict its analysis to a single cycle con-
fined within time interval [0, T). Within this interval, exactly two parts must be
unloaded from each machine i. The part which was introduced at time -KT, where
k=floor(z/T) will be unloaded at time (Z)mod T=Z; - KT , whereas the part which was
introduced at time -hT+T;, where h=floor[(Z+Ty)/T] will be unloaded at time
(Z+Tymod T =Z+T,-hT. Note that station My will be unloaded at time 0 and T;.

Proposition 1. For the given time intervals T and T, the periodically repeated robot
route is defined uniquely and can be found by ordering numbers Y;=(Z)mod T and
Yi=(Z+T)mod T (i=0, 1,...,m) in increasing order

O: Y(J: Y(*)S]_: Y(*)SZZ v :Y(*)S(ZITH-Z) < T, (2)

where Y)y=Yy=Z,. The sequence of indexes S ={s(1)=0, 5(2),..., S(2m+2)} deter-
mines the robot route, which is the sequence of robot moves between the machines
within timeinterval [0, T).

The proof is similar to the 1-cyclic case given, for instance, in Kats and Levner
1998, and is skipped here.

The sequence S is being repeated periodically, it means that after unloading ma-
chine Mgzm:+2 the robot moves again to station s(1) = Mg and at time T introduces a
new part into the process. Thus, values T and T, fully determine the robot schedule.
Similar to the 1-cyclic case (see, for instance Kats and Levner 1998), a 2-cyclic
schedule is feasible iff the following inequalities are satisfied



YO + R s 1) = Y(*)s(k+1)| (©)]

where R j = di+ risq j, k=1,2,...,(2MH2); Tomeoe1, semes) = Fseme2)+1, st Y(*)s(2n‘r+3):
Yo+rT=T.

Definition. The sequence of robot’s moves is called a feasible route or a feasible
schedule if it ensures that there is sufficient time for the robot to travel between the
machines. In formal terms, the robot route is feasible iff the unloading times ; satisfy
constraints (1), (1b) and (3).

The 2-cyclic scheduling problem under consideration can now be formulated as
follows: To find a feasible 2-cyclic robot route S minimizing the cycletime T ( such a
routeis also called the optimal schedule).

3 Problem Analysis

The robot route remains unchanged as far as the set of Yy values keeps the same
order defined by (2); in other words, the robot route changes if and only if the order
(2) is changed for some pair of Yy values. To study all such changes, we will exam-
ine all possible intersections between pairs of functions Y; and ;.

3.1. Thetypes of theintersection lines

The unloading times Y;=(Z)mod T = Z - KT are piecewise linear functions of one vari-
able, namédly, the cycle time T, whereas the times Y= (Z+T)mod T = Z+T,-hT are
piecewise linear functions of two variables, T and T,. At some values of T and T, the
different functions, say, Y'); and Y& intersect which, in plain language, means that
machinesi and j must be unloaded simultaneously.

The intersections can be of four types, which are written out below; in what fol-
lows, without loss of generality, we will assumethat j > i.

Type 1. Intersections of Y; = (Z)mod T and Y; = (Z)mod T.
The intersections are determined by the equation

Z-kT= Z-KT
and take place at values
T=F=(4-Z)/k, (4)

wherek = k—k;, thatis. k=1, 2,....

Note that functions Y; = (Z)mod T and, respectively, Y; = (Z)mod T consist of seg-
ments of lines Z-kT (k= 1, 2,...), and, respectively, Z-kT (k= 1, 2,...), ranging be-
tween O and T: 0 = Z-kT <T, 0 = Z-KT <T (see Fig.1). Therefore, at value T=Fj,
only one pair of segments of linesY; and Y; intersect, whereas the infinite number of
straight lines Z-kT and Z-k T, where k= 0, 1,.... ki + k(k=1,2,...), intersect at T=Fijy.

As we will show below, in the considered problem the number of different k in (4)
is, in fact, finite and bounded from above by the number of machines m. It is due to
the fact that the cycle time T, which we are interested in, cannot be arbitrarily small
but is bounded from below by T, (see condition (1a)).



Type 2. Intersections of Y;= (Z+T;)mod T and Y;= (Z+Ty)mod T.
This type of intersections defines the same set of intersection points as the previous
one:

Zi+T-hiT = ZJ'+T1'th; T= Fijk: (ZJ-Z)/k, where k=1, 2,....

Informally, this means that if T=F;y then the unloading time on machine i and |
coincides twice within each cycle.

Type 3. Intersections of Y;=(Z)mod T and Y;= (Z+Ty)mod T.
For fixed T, the intersections teke place at the points E;j similar to T=F;j considered
above:

T= Eijk: (ZJ+ Tl-Zi)/k, k= 1,2,. .
which means that those intersections are located along the lines given by equation
Ti= -(Z4-Z)+KT, k=1.2,...,

which (taking into account that T,<T) is acomposition of line segments.

Type 4. Intersections of Y;=(Z)mod T and Y;= (Z+Ty)mod T.

Similar to Case 3, those intersections are located along the lines T,= (Z-Z;)-KT,
k=1,2,....

Consider the plane with axes T and T, and suppose that values T and T, are changed
in the plane in an arbitrary way. In such a situation, we will say that a variable point
(T, T, is moving along some trajectory. The intersection analysis considered above
indicates that the robot route may change only when the trgjectory crosses the follow-
ing lines:

T=(Z-Z)/k, (59)
Ti= -(Z-Z)+KT, (5b)
T.= (Z-2)-KT, (5¢)

wherek =0,1,2,....

3.2. Thenumber of the inter section lines
Consider now the triangular area A in the plane with coordinates (T, T;), bounded by
the inequalities

Ti=To T1=T/2, Ty;= T-T°

Proposition 2. The search for an optimal solution can be restricted to the area A
only.

Proof is evident and is skipped

The lines (5a)-(5¢) divide the area A into the regions bounded by the line segments;
these regions are called polygons.

Proposition 3. For any fixed pair of indices (i, j), the number of different lines with
different k in (5a)-(5c) crossing the area A is finite and bounded from above by the
number of machines, m.

Proof is based on (1a) —(1c).



3.3 A linear programming formulation of the problem

Let us take a point (T=x, T;=y) inside of some polygon. This point uniquely deter-
mines the robot route. Because only at the polygon edges the unloading times of dif-
ferent machines become equal, for all points (x,y) inside of the polygon the robot
route cannot change. Whereas the crossing of line T,=-(Z-Z)+KT or line T,= (Z-Z)-
KT changes the order in robot’ s sequence Sonly for one pair of neighboring machines
i and j, the crossing of the line T=(Z-Z)/k changes the order of neighboring machines
i andj intwo different places of S

Recall that in the scheduling problem under consideration, we have to find two
types of interrelated variables: (1) the time values T and Ty, and (2) the corresponding
robot route. Earlier, in Proposition 1, we have established that if T and T; are known
then the robot route is defined in a unique way. Now suppose that the robot route is
known while T and T; are unknown.

Proposition 4. For any fixed robot route S the integers k and h in expressions
Yi=(Z)mod T= Z - KT and Y;= (Z+Ty)mod T =Z+T,-hT are uniquely determined by
the route.

The proof isidentical to that for the 1-cyclic case in Kats and Levner 1998, 2002.
Consider now an arbitrary polygon in A and assume that the robot route in this poly-
gon is S ={9(1)=0, 5(2),..., S(2m+2)}. Then the problem of finding minimal cycle
time T for a fixed robot route S becomes the following polynomially solvable special
case of the linear programming problem defined for two variables, T and T:

Problem P. Minimize T
subject to

Y(*)sk + Ry spern) = Y(*)s(k+1)|

where R | = di+ Tiaq jy K=1,2,...,(20H2); Tomeaet, somed) = Tsamezpet, st Y some 9=
Yo+ T= T, and al Y,) are taken in their explicit form, Y; = Z - KT or Y; = Z + T, — KT.
Here all the parameters Z; are known input data, and k-values for each Y; are defined
asindicated in Proposition 3.

Thus, we have arrived to the following observation: Taking into account that all
points (T, T,) in any polygon define just the same robot route, the original scheduling
problem can be solved by examining all possible polygons inside the area A one after
another, solving Problem P for each of them, and, finally, choosing, among all the
obtained solutions, a schedule with the minimum T. As we will see in the next sub-
section, the amount of polygons within area A is at most O(n).

3.4. The number of robot routes. The Euler formula
Let us estimate the total number of polygons in the area A, or, equivalently, the num-
ber of different feasible robot routes.

Lemma 1. The number of polygonsin A is at most O(n°).



Proof. 1. Firgt, let's estimate how many points of intersections the polygons can
have. The line T=Fj=(Z-Z)/k may intersect line T:=-(Zy-Z)+hT or T,= (Zg-Z;)-hT
inside area A only if h=ceil[(Z,-Z;)/Fi;] or h=floor[(Zy-Z;)/Fi;], correspondingly. It
means that one line T=F=(Z-Z)/k can cross &l other lines in at most O(mz) points
and then the total number of such type points, caused by all the intersections of this
type, is at most O(nr).

Further, the intersection of two lines of the same type, thet is, either (a) T;=-(Z-
Z)+KT and Ty=-(Z4-Z)+K'T, or (b) T;=(Z-Z)-KT and T,=(Z;-Z)-K"T, takes place at
apoint T= Gj;g=[(4-2Z)- (Z5-Z:)]/k, where, without loss of generality, we assume that
(4-2)> (2425, k=1,2,... Note that inside the area A only one pair of lines may inter-
sect at this point. In case (a) this pair of lines is determined by K'=ceil[(Z-Z)/Gjjigl
and K'=ceil[(Z5-Z/)/Gijiqd whereas in case (b), correspondingly, by K'=floor[(Z-
Z)IGijtgd and k'=floor[(Zy-Z;)/Gijig -

The intersection of lines of different types, that is, either (&) T;=-(Z-Z)+KT with
Ti= (Zg-Zs) - K'T or (b) Ti= (4-2) - KT with Ty= -(Zg-Z;) + K'T, takes place at point
T=CYjix=[(Z-2Z)+ (Zg5Z:)]/k. Inside the area A, there are only points such that [(Z-
Z)+ (Z5Z9))/k?® 2Ty and (Z-Z)% (Zy-Z;) = 2T°% then it immediately followsthat 1 =k
= T%T,=m. Hence, the total number of points Gig and G'ijrg is O(°). From Propo-
sition 2 it follows that the total amount of lines (5a)-(5¢) is O(m°), so the amount of
intersection points of those lines with the triangular border of area A is also at most
O(m°). Thus, the total number of intersection points, including those lying on the bor-
der of A, isat most O(n).

2. Now we can estimate the total number of polygons. Denote the number of poly-
gonsin A by f, the number of intersection pointsin A by n, and the number of line
segments connecting pairs of intersection pointsin A by e. Interpreting the intersection
points as vertices of a planar graph, the connecting segments as edges and the poly-
gons as faces of a planar graph (not including the outer infinitely large face), we can
use the Euler polyhedron formula which claims:

f=e—-n+1.
For a simple, connected, planar graph with n vertices and e edges, it is well known in
graph theory that, for n3 3, it holds: e= 3n - 6, and, therefore, f =2n - 5. Thus, the
total number of polygons in A is of the same order of magnitude as the number of
intersection points, that is, it does not exceed O(n). y

4. SAINGULAR POINTSAND THEIR PROPERTIES

Consider any polygon p, created by the intersection of lines (5a)-(5¢) in the area A.
As far as the robot route S ={s1=0, s2,..., S(2m+2)} is uniquely determined for all
points (T, Ty) in pa, We can define the polygon p, as the set of points satisfying 2n+2
precedence relations in inequalities (2), where each inequality in the system (2) is
replaced by one of the following inequalities, using the variables Zy :

Zy -KsT = Zggr1y Keey T, (6a)
Zy + Tk T = Zgge 1y + T1 Kee T, (6b)



Zy+T1 -KaT = Zgpe 1) Koy T (6c)
Zy KsT = Zggery + T1 Koy T, (6d)

For the given robot route S, the integers kg and kg 1) are uniquely determined by
the route and do not depend on values T and T; (in the considered polygon pa).

Along with p, we consider an area of feasible schedules, denoted by pg, itisaso a
polygon (which may be empty) which is located inside polygon p, and determined by
inequalities (3) in such a way that each inequality along the chain (3) is replaced by
one of the following inequalities, using the variables Zy (which can be rewritten in a
similar way as inequalities (2) are presented above in the form (6)):

Zy -KsT + Ry spe = Zsgir 1) “Kse T (79)
Zg+Tr-keT + Ra skrr) = Zoern) +T1 -Ksery T (7b)
Zy +T1 -KsT + Ry spe = Zsgirn) “Kege T (7c)
Zy KT + Re sikrn) = Zoken) + T Ky T (7d)

For the given robot route S, the integers kg and kg 1) are uniquely determined by
the route and do not depend on values T and T; (see ...... ). The inequalities (7a) and
(7b) can be reduced to

T3 [Za - Zsr) + R sier )]/ (Ke = Keger1))s 1 Kerr 1)< K (8)
or

T = [Zgyr1)y Za - Rac sper ] /( Keer 1)~ Kt 1T Keger 1™ Kee (8)

Let’s assume that polygon pg is not empty; then the minimal value of the cycle time
T in pg is the T-coordinate of its “most left” node (an intersection point), which must
lie on the border of one of the inequalities (8), (9) or (10). These borders have the
following form:

T=(Z-Z+ Ry)lk, or (%)
T=(Z-Z+T+ Rk or (9b)
T=(Z-Z-T1+ Rk, (9c)
wherej >iand j,il {0,1,2 ... m}; k=1, 2, .., m2. We will call the obtained

lines (9a)-(9c) the lines of possible solutions.

Consider the points in area A lying on lines (9a)-(9¢c) in which the robot route
changes (we call them singular points). Those points are defined as the intersections
of lines (9a)-(9c) with lines (5a)-(5c). The total amount of all singular points, lying on
the lines of possible solutions (9a)-(9¢c) in area A is at most O(nv). The proof is simi-
lar to the previous case.

5.ALGORITHM: DESCRIPTION AND COMPLEXITY
In this section we present a polynomia algorithm with the worst-case complexity

O(n°log n).
The algorithm works as follows.



Step 1. Present al the intersection points and the line segments joining them for lines
(5a)-(5c¢) in area A as, correspondingly, nodes and edges of a planar graph.

Step 2. Make the obtained planar graph Eulerian, by doubling, if needed, its edges (in
order to make all the node degrees even), and build an Eulerian cycle in the obtained
extended planar graph.

Step 3. Move aong the Eulerian cycle and sequentially consider the polygons pa, for
instance, taking, one by one, those polygons p, that are located on the left to each
edge in the Eulerian cycle. In each polygon p, find a robot’ s route determined by the
system of inequalities (2).

Step 4. For the found robot route, solve the system of inequalities (3) given in form
(7a) <(7d) with respect to T and T;.

Step 5. Among all the found solutions, choose the optimal one, having the minimal T-
value.

The validity of the algorithm follows from the fact that each face in the planar graph
(i.e., each polygon in A) will be examined at least once.

Let's estimate its complexity. At Step 1, in order to construct the nodes-edges inci-
dence matrix of the planar graph it is sufficient O(n +€) = O(n”) elementary opera-
tions. At Step 2, the total amount of edges, as well as the total amount of faces, in the
extended Eulerian graph isincreased at most twice, that is, still O(n°). The complexity
of building an Eulerian cycle in the Eulerian graph is linear in the number of edges,
i.e. is O(n°). At Step 3, to build a robot route in each polygon requires O(n*og n)
operations. At Step 4, the system of inequalities (7a)-(7d) contains only two variables,
therefore, its solution can be found in O(n log n) operations [Megiddo 1983]. Hence,
the total complexity of this straightforward algorithm is at most O(n® log n).

6. A concluding remark

In this paper we have studies the general non-Euclidean case and construct a polyno-
mial time algorithm of complexity O(m° log m). We believe that this worst case upper
bound is not tight and can be improved to O(m° log m) and even better. The algorithm
has worked much faster in practice than the guaranteed worst-case upper bound. In
our future research, we intend to improve the upper bound and to estimate the algo-
rithm behavior on the average.
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