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Abstract. In this paper, we pursue application of Gibbs measure theory
to LBP in two ways. First, we show this theory can be applied directly to
LBP for factor graphs, where one can use higher-order potentials. Con-
sequently, we show beliefs are just marginal probabilities for a certain
Gibbs measure on a computation tree. We also give a convergence cri-
terion using this tree. Second, to see the usefulness of this approach, we
apply a well-known general condition and a special one, which are devel-
oped in Gibbs measure theory, to LBP. We compare these two criteria
and another criterion derived by the best present result. Consequently,
we show that the special condition is better than the others and also
show the general condition is better than the best present result when
the influence of one-body potentials is sufficiently large. These results
surely encourage the use of Gibbs measure theory in this area.

1 Introduction

Inference problems using graphical models are important in various application
fields. The belief propagation (BP) algorithm is an efficient method for com-
puting marginal probabilities of probabilistic networks without loops. BP can
be formally applied also to networks with loops (LBP). However, if networks
have loops, the algorithm may not converge and beliefs may not equal to exact
marginal probabilities. Nevertheless, applications of LBP algorithm have been
reported to be remarkably useful such as in the coding theory [1, 4, 6].

In analysis of LBP, Tatikonda and Jordan [8] applied Gibbs measure theory
using the concept of computation trees, which was first introduced by Weiss [9].
They also gave a sufficient convergence criterion based on Simon’s condition
of Gibbs measure theory. Nevertheless, to use this theory seems not to be so
popular.

In this paper, we pursue Gibbs measure approach. This paper is composed
of two parts. First, we show that this theory can directly be applied to general
potentials case. The concept of computation tree is important to apply Gibbs
measure theory to LBP. However, it is discussed only for pair potential case and
it is still unclear how to construct it where higher-order potentials exist. We
give a construction of computation trees according to the LBP for factor graphs.
Second, we show the effectiveness of Gibbs measure approach. Tatikonda and



Jordan derived a criterion based on Simon’s condition of Gibbs measures theory
in their paper. However, Ihler et al. [3] and Mooij and Kappen [5] independently
proposed stronger conditions than it. In this paper, we apply a well-known con-
dition called Dobrushin’s condition and compare the convergence criteria derived
from this and IThler’s and Mooij’s approaches for Ising models on complete graphs.
This model has only pair potentials. However, it is remarkable since the complete
characterization of the phase transition region of the associated Gibbs measure is
known. We also use the convergence criterion derived from this characterization
to compare.

In Sect. 2, we review the LBP algorithm on factor graphs and derive its
computation tree. We also give some results using Gibbs measure theory with
the computation tree. In Sect. 3, we compare three LBP convergence criteria
for Ising models. We give a conclusion in Sect. 4. In Appendix, we show how to
check Dobrushin’s condition for Ising models on complete graphs.

2 LBP Algorithm on Factor Graphs and Its Computation
Trees

To analyze LBP algorithm, Tatikonda and Jordan [8] utilize Gibbs measure the-
ory. This theory deals with so-called Gibbs measures, defined on a set of infinite
nodes. Its main concern is to investigate the phase transition phenomenon. They
used the concept of computation tree, which was first introduced by Weiss [9],
to connect LBP algorithm with Gibbs measure theory.

In their paper, they discussed mainly about the BP algorithm for pair po-
tentials. On the other hand, if there exists higher-order potentials, the concept
of computation trees is never clear. It should be noted that conversion of higher-
order potential case into pair potential case may have the validity of the appli-
cation of Gibbs measure theory become uncertain since the assumption of the
positivity of the probability function is not necessarily preserved. For example,
see [9]. In this section, we look at the BP algorithm for factor graphs, with which
one can use probability functions with general potentials, and investigate how
to construct its computation trees. We also give some results applying Gibbs
measure theory with the computation tree.

2.1 BP Algorithm on Factor Graphs

Let consider a network on the node set {1,2,...,n} and an associated set of
random variables X = { X1, Xo,..., X,;}. Assume that each state space E; of X;
is discrete and finite. We consider a target probability function for X which is
factorized as follows:
1
p(x) = 7 HAGA fA(ﬂfA) )

where f4 : B4+ (0,00) denotes a positive and non-constant finite function on
EA =Tl;ca Ei and A is factor set which is a collection of non-empty subsets of



Fig. 1. A factor graph for p(x1, 22, 23, 24) o< f{1,2y (21, 22) f{1,2,3) (1, 22, 3) f(2,4} (T2, 24)

{1,2,...,n}. Throughout this paper, Z stands for normalizing constants and are
not always the same. A factor graph is an undirected graph associated with X
and A. A factor graph has two kinds of nodes; variable nodes and factor nodes.
A variable node i and a factor node A are associated with the random variable
X; and the function f4 respectively. An edge is drawn between a variable node i
and a factor node A if i € A. We assume that no node is isolated. As an example,
the factor graph corresponding to the probability function

p(a1, ... xa) o< fa(zr, x2) fB(21, 22, 23) fo(x2, 24)

where A = {1,2}, B = {1,2,3} and C = {2,4} is shown in Fig. 1. Variable
(resp. factor) nodes are represented by circles (resp. squares). The neighbors of
a variable node 7 is {A € A : i € A} and is denoted by Ji, and those of a
factor node A is {i:i € A}, i.e., A itself. Two kinds of messages are used in BP
algorithm for factor graphs. They are defined reciprocally as follows:

1
ntl@)=2 [ meli@) (1)
C~ON{A}
1
mgili)(xi) =7 Z fa(za) H ng&,ﬂ%) (2)
TA\{i} JjeA

for each step t = 0,1,2,... and z; € E;. We assume in this paper ngo_{A(-) =
mffli(-) = 1 for convenience. Actually any initializations which are positive are
possible. If messages ng, 4(+) and mffll() converge, the limits are denoted by
ni—a(-) and ma—;(-). For these limit messages, the belief for each variable node

1 is defined by the normalized product:

1
bz(ml) = E H mA_>i(33¢), r, € B . (3)
A€di

Beliefs for a set of variable nodes can also be defined. In particular, the belief
for variables associated with a factor node A (briefly, belief for a factor node A)
is defined as follows:

ba(ea) = 2 iaea) [T mioate), 24 € BA. (4)
€A



If the factor graph has no loops, the beliefs will be exact marginal probabil-
ities. If the factor graph has loops, the BP algorithm is still applicable and is
reported to give often a good approximation. However, whether it converges or
not becomes uncertain.

2.2 Computation Trees for BP Algorithm on Factor Graphs

In this section, we construct the computation trees for the BP on factor graphs
corresponding to the BP update rules (1) and (2). In the construction of the
computation tree of the BP for pair potentials, each node added to a computation
tree as a message is updated is associated with a variable to be summed in the
message update relation. It is similar for the factor graph case.

In order to construct the computation tree for the factor graph case, we first
eliminate n;_, 4(x;) messages and rewrite the message update relations only by
ma—;(z;) messages. Substituting n;_, 4(x;) messages for m4_,;(x;) messages in
(2), we have

mG @) o S fae) [ [T mé=)@) .

TA\{i} JEAC~I\{A}

According to this relation, we can construct the computation tree for the BP on
factor graphs which can be summarized as the following proposition.

Proposition 1. Let G be a factor graph and Vg and Fg be the set of variable
nodes and factor nodes respectively. The computation tree Ty, for a belief b(zy),
k € Vg, is constructed as follows:

— let N; =0, i # k, and N, = 1. For convenience, let T,go) = {kO} where k©)
is a copy of k.

— Let {A1, Ay, ...} =0k, C; = A;\{k}. The m-th node of T,gl) is composed of
T,EO) and Ch, in the following way. Let Cy, = {1, J,...} and N < N;+1,N; «—
N;j+1, ... Add A" = {iWND jNG) Y as a multi-state variable node to T,EO)
with, the corresponding edge (k)| A') where iN9) jNi) | are the copies of
i, J, . .. respectively. Let Sppayar = {k}.

— If the t-th computation tree T,Et) is defined, the next computation tree T,g”l)

is defined to be T,gt) augmented by new nodes and edges repeating the following
steps:

e For each edge (A, A’) of T,gt) with A ¢ T,Et_l), let A= {itNVo) j(No) o}
and Sa = {s}.

e For each element i'N?) € A, let 9i = {Cy,Cy, ...} where Cy, U {i},k =
1,2,... are elements of F¢ except {s} U A. Add the k-th node and edge
associated with iN?) as follows. Let Cy = {h,j,...} and Nj, < Nj, +
1,N; «— N;+1,.... Add the new copies {hWNw) GING) Y as @ multi-state
variable node A" and the corresponding edge (A, A”) and let Saa» = {i}



Fig. 2. Construction of the computation tree for the factor graph in Fig. 1 up to a
few updates. The computation tree with factor nodes (left) and the computation tree
(right). (4, 7) indicates that the variable of the corresponding node has the compound
state space x(; j) = (v4,%;) € Ei X Ej

The potential functions for the corresponding Gibbs measure are defined such
that ¢pac = —log f(s,)ucr where C” is the set of index of C' which are stripped
of superscripts. For example, in Fig. 2,

¢{2<1>}{1(1),3(2)}($1,332,333) = —10gf{172,3}(331,$2,333) )

¢{2<2>,3<1>}{4<2>}($2,333,334) = —log fi2,43 (w2, 24) .

As is seen from the BP relation (5), one node added to the computation tree
may be multi-state (i.e., a product of certain states) which is associated with
A\{i} for some ¢ € A. That is, the state space is EA\# In the following, we
sometimes use Greek letters like a for expressing nodes on computation trees for
factor graphs.

To ease the construction of the computation trees for factor graphs, it is
helpful to draw the computation tree with factor nodes at first, which is similar
to that of the BP for pair potentials where factor nodes are temporarily regarded
as variable nodes. We give an example in Fig. 2

When a probability function has only two variable functions the computation
tree for factor graph case is equivalent to the one for pair potential case discussed
in [8]. In that case, in particular, n;_., messages are equivalent to boundary laws
of corresponding Gibbs measure, see [2].

It should be noted that unlike the pair potential case, the topology of the
computation tree for a factor graph may depend on the choice of the root node.
The topology of computation tree is related to the convergence property of mes-
sage updates since it is sometimes related to the absence condition of phase



transition. The reason for the dependency comes from the fact that, in the m
message update, the set of variables to be summed depend on the direction of
the m message to be updated if functions which have more than two variables
are used.

Even if state spaces of variables in the computation tree may be different
from those of the original graph, results in Tatikonda and Jordan [8] are also
valid. That is, each belief b;(x;) of (3) is the marginal probability of a Gibbs
measure u(X;a) = x;) on the corresponding computation tree and the absence
of phase transition guarantees the convergence of LBP. In addition, we can show
that beliefs ba(z4) of (4) are also certain marginal probabilities of the Gibbs
measure on the computation tree for factor graphs. We give the outline of the
proof. For relevant concepts and references, see [7].

Corollary 1. Let T,gt) be the computation tree for a root node k after t message-
()

update steps, and {Qij(xi, x5)}i B, xE,; be the associated transfer matrices. ZZTFJ-

€ [0,00)% denotes the boundary law for each adjacent sites i, j € T,gt) and the
state space E;, then

s
miy) () o S O (@) Qun i, )
z,€E;
for all neighboring node i of k and xy € Ey. If no phase transition occurs, there

D)
exists an unique boundary law C;j(x;) such that ﬂz;" (i) — Lij(z) as t — oo.
Therefore, using the limit boundary law,

1
miy) (zx) — mak () = 7 > i) Quk(wi, wy)

as t — o0.
Proof. See [7].

Proposition 2. For each i € A € A, there exists a node 5 adjacent to the root
node {i0)} in the computation tree fori such that 8 = {j : j is a copy of A\{i}}.
Let a = {{iD}, 8} and da = 9i(O U B\{i"), B}. Then, if no phase transition
occurs, the belief ba(xz ) defined by (4) is a marginal probability of the unique
Gibbs measure on the computation tree.

Proof. If no phase transition occurs there exists an unique Gibbs measure p on
the computation tree and

//f(xa) = Zﬂ(xauaa) X Z fA(xa) H ‘€m€’(x/€)fm€’(xﬁaxﬁ’)

Toa Toa KEDa

:fA(xoz) H Zéﬂﬁ/(m){)fﬁﬂl(xﬁam){/)

KED Ty

x fa(ra) H Mg (T ) (5)

KEDa



where (5) comes from Gibbs measure theory and (5) comes from Corollary 1.
Here ' is {i(O} or 3, which is adjacent to . After some tiresome check of the
correspondence between messages on the computation tree and original m and
n messages on the factor graph, it can be shown that

wlwa) o< fa(wa) [[ niate) -

€A

Thus the proposition is complete. [

The above convergence criterion is based on the phase transition property
of the associated Gibbs measure on the computation tree. In the factor graph
case, since the topology of computation trees may depend on the choice of a root
node, even the application of Simon’s condition is not straightforward. We show
a procedure how to check Simon’s condition for the factor graph case.

Proposition 3. For the LBP algorithm on factor graphs, the convergence con-
dition based on Simon’s condition can be checked as follows:

STEP 0 : Let G be the index set of random variables and let M = m = 0. Go
to STEP 1.

STEP 1 : If G is empty, break and return M. Otherwise, fiz a factor i in G,
let Ay ={Ae€A:iec A} and go to STEP 2.

STEP 2 : If A; is empty, G — G\ {i} and go to STEP 1. Otheruwise, fix a
factor A in A, m — m+(fa) where §(fa) is the oscillation of the function
fa and go to STEP 3.

STEP 8 : If A\ {i} is empty, A; — A;\ {A}, M — max{M,m}, m < 0 and
go to STEP 2. Otherwise, fiz a factor b in A\ {i}, let A, ={A € A:be A}
and go to STEP 4.

STEP 4 : If Ay \ {A} is empty, A — A\ {b} and go to STEP 3. Otherwise, fix
a factor ¢ in Ay \ {A}, m —m+(fc), Ap — Ay \ {c} and go to STEP 4.

If the M < 2, the LBP algorithm converges. [

3 Comparison of Three Convergence Criteria

In this section, we compare LBP convergence criteria due to two approaches,
including the one derived from Dobrushin’s condition, in order to see their ef-
fectiveness. As shown in the previous chapter, Gibbs measure approach is still
useful for LBP with general potentials through factor graphs. On the other hand,
it is generally difficult to characterize the phase transition region (i.e., a certain
parameter region) precisely. One remarkable exception is Ising models on Cayley
trees; Its complete characterization are known. It is noted that a Cayley tree is
a certain computation tree of a complete graph. For this reason, we use Ising
models on a complete graph as a target probabilistic network for comparing two
approaches, nevertheless Ising models have only pair potentials so that it does
not have to be expressed by factor graphs any longer.



For given parameters J and h € R, the Ising model is defined by

p(x) exp(thi + JinmJ—)

i

where x; € {—1,1} for all i € G and ~ means the neighbor relation. For a
complete graph, the corresponding computation tree is called a Cayley tree or
Bethe lattice. Let d + 2 be the number of vertex of the complete graph. We
assume d > 2. In fact, for Ising models, the convergence conditions derived from
Thler’s and Mooij’s approaches are same such as

dtanh |J| <1 . (6)

This is the best criterion at present. Their approaches do not rely on Gibbs
measures and may be valid even when phase transition occurs. The criterion
based on Dobrushin’s condition becomes

(d + 1) sinh(2]J])

<1, 7
g(h, J) + cosh(2J) O
where
d
g(z,y) = zie{flr,rll]i'gzl,...7dCOSh2(x + y;zl) .

Dobrushin’s condition is not so simple to verify. We give a derivation of this
criterion at length in Appendix.

For Ising models on Cayley trees, there is the following complete condition
for the lack or existence of phase transitions is known, see [2] for details. Let
J(d) = arccoth(d) = 3 log #}, and

0 if 7] < J(d)
1/2 1/2
h(J,d) = darctanh(j/“qjj_ll) - arctanh(%) if J > J(d) ,

1/2 1/2
darctanh (£2=4) " + arctanh (42£2) i T < ~J(d)
where w = tanh |J|. The phase transition region (the set of parameters where
the phase transition occurs) consists of the ferromagnetic (antiferromagnetic)
phase transition region F' (AF') defined by

(F)d>1, J>J(d), |h <h(Jd),
(AF) d>1, J < —J(d), |h| < h(J,d) .

Leftmost figure in Fig. 3 shows F' and AF regions for d = 2. The region AF is
open. The region F' includes its boundary except for the singular point (h,J) =
(0, J(d)). The region other than F' and AF is the LBP convergence region.

In Fig. 3, we also give other two LBP convergence regions derived from
Dobrushin’s and Thler’s and Mooij’s. Also we show these regions together.



Fig. 3. Convergence regions derived from the complete characterization and Do-
brushin’s, and Ihler’s (Mooij’s) conditions (left to right). The region other than F' and
AF is that of the complete characterization, and black regions are those of Dobrushin’s
and IThler’s. The rightmost figure shows these regions together with the boundary curves
of F and AF. Difference sets of Dobrushin’s and Ihler’s (Mooij’s) regions are repre-
sented in white and dark gray

It should be noted that since Dobrushin’s condition is a sufficient condition
of absence of phase transition, the region derived form Dobrushin’s condition is
naturally included in that of the complete characterization. Therefore, we look
at other relationships here.

Thler’s (Mooij’s) region is completely included in that of the complete char-
acterization. This is proved by the fact dtanh J(d) = 1. As a result, the condi-
tion obtained from the complete characterization is stronger than that of Ihler’s
(Mooij’s). On the other hand, neither Dobrushin’s nor Ihler’s (Mooij’s) region
is a subset of the other. Nevertheless, when |h| is sufficiently large, Dobrushin’s
region always includes that of Thler’s (Mooij’s), that is, Dobrushin’s condition
is stronger than IThler’s when the influence of one-body potentials is sufficiently
large in this case.

4 Conclusion

In this paper, we show two applications of Gibbs measure theory to LBP algo-
rithm. We first show this theory can be applied directly to probability functions
with general potentials through factor graphs. Second, we show the usefulness of
the application of Gibbs measure theory in the sense that an elaborate applica-
tion of this theory gives a better result than the best present result in a special
case. These two results are not so prominent but sure to encourage the use of
Gibbs measure theory in this area.
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Appendix

In this appendix, we show how to check Dobrushin’s condition for Ising models
on the Cayley tree of degree d or the complete graph of d + 2 vertices. Let S be
the vertex set of the Cayley tree and E; be {—1,1} for i € S. Let 2 = [[,.q Es
be the configuration space, ({2, F) be the measurable space with the Borel set F
of £2 and ~ be a speci fication on (£2,F). ~ satisfies Dobrushin’s condition if

c(y)=sup ) Ci(y) <1,
i€ i

where

Cij(y) = sup %GO =2 C Il (8)
CmES, Con\ (i} =MNs\{i}

with the norm || f(-)|| = max, g | dcea f(¢)] for a real function f on 2. In the
Ising potential case, we have

V(@i | ¢) = %GXP {xi(thJjeZaiCj)} ,

where Z(() = 2cosh(h + J > ,c5;¢;) and i denotes the set of neighbors of
i € S. Note that C;;(-) = 0 when j & 9i (for specifications with nearest neighbor



potentials). Then, taking the supremum in the right side of eq. (8), we can restrict
ourselves to consider configurations ¢, 7 such that for some j € 97, n; = —(; and
nk = (k for k # j. Now 742(0 | ¢) = 0 and 7?(E; | ¢) = 1 for any configuration ¢,
hence we have

sinh(2J)/2},(C)  if A= {1},
WA =7 (Aln) = —sinh(2])/Z};(¢) if A={-1},

0 otherwise ,

where Z7;(C) = cosh2(h+J 3, o0 5y Ck) +cosh(2J) for configurations ¢, n such
that for some j € 0%, n; = —(; and 1, = (i for k # j. Therefore

0. — ~9¢. — #Sin
I 1O =7 ¢ Il 750 h(2[7])

For the Cayley tree of degree d, the number of neighbors for each vertex is
d + 1. Therefore we have

1 sinh(2].7])
Cij = sinh(2|J]) =
i(7) = max z o™ @) = 20 T cosh(@T)
where
d
9(z,9) :zl»e{—l,rﬁl,nizl ..... dcosh2(x+yz,zi) '

i=1

That is, Cj;(7y) is independent of ¢, j and it follows

_ (d+1)sinh(2].J])
c(v) = g(h, J) + cosh(2J)

Using this, we can check Dobrushin’s condition easily.



